Introduction
Let K/Q be a Galois extension of degree n of Galois group G. Let η ∈ K
× . An exponential notation is used for conjugation of η by σ ∈ G, which implies the writing (η σ ) τ =: η τ σ for all σ, τ ∈ G (law of left G-module). We assume that the multiplicative Z[G]-module generated by η is of Z-rank n (i.e., η G ⊗ Q ≃ Q [G] ).
For p large enough, we put Reg We shall see that the unique obstruction, to apply the heuristic principle of BorelCantelli leading (conjecturally) to a finite number of p such that Reg G p (η) ≡ 0 (mod p), is related to primes p such that Reg G p (η) is exactely divisible by a minimal power of p; this is equivalent to Reg G p (η) ∼ p ϕ(1) (equality up to a p-adic unit), where the character ϕ (absolutely irreducible) defines a p-adic character θ satisfying certain conditions (Definition 4.1).
Such a situation is a priori of probability at most
, only when η is considered as a random variable; it is the unique case where the Borel-Cantelli principle does not apply (see Section 9 for some enlightenment). We intend, from heuristics and numerical experiments, to remove this obstruction and to reach the following probabilistic result, when η is fixed and p → ∞:
Theorem 1.1. Let K/Q be a Galois extension of degree n and of Galois group G. Let η ∈ K × be fixed, η generating a multiplicative Z[G]-module of Z-rank n.
(i) Under the Heuristic 7.4 (existence of a classical binomial law of probability), the probability to have Reg G p (η) ≡ 0 (mod p) is at most C ∞ (η) p log 2 (p)/log(c0(η))−O(1) for p → ∞, where c 0 (η) = max σ∈G (|η σ |), e −1 ≤ C ∞ (η) ≤ 1, and log 2 = log • log.
(ii) Under the previous heuristic 7.4 and the principle of Borel-Cantelli, the number of primes p such that Reg
We consider the Q p [G]-module
, is the completion of K at v; as K/Q is Galois, K v /Q p is independent of v | p but the notation K v recalls that this local extension is provided with the embedding σ v : K → K v ⊂ C p , which allows the diagonal embedding with dense image
where i p (x) := (σ v (x)) v | p , and which implies that
(semilocal theory). By abuse, if x ∈ K, we shall write x ∈ v | p K v , i p being understood.
2.1.1. p-adic logarithm on K × . The p-adic logarithm log p : K × → KQ p is defined on the set 1 + p x, x ∈ Z K,(p) , by means of the usual series (p > 2)
noting that
∈ K for any N ≥ 1. In the case of γ ∈ K × (p) , we use the functional relation log p (γ) =
More generally, this log p function, seen modulo p N +1 , N ≥ 1, is represented by elements of Z K, (p) and is an homomorphism of G-modules for the law defined, for all σ ∈ G, by σ log p (γ) (mod p N +1 ) := log p (γ σ ) (mod p N +1 ), using the congruence (where N ′ is an obvious function of N )
defining an element of Z K,(p) which approximates log p (γ σ ) modulo p N +1 . So σ v (log p (γ)) makes sense in K v for all v | p.
2.1.2. p-adic rank. Let Log p := log p • i p = (σ v ) v | p • log p be the homomorphism of G-modules defined, on the subgroup of elements of K × prime to p, by
Let η ∈ K × , prime to p, and let F be the Z[G]-module generated by η. We call p-adic rank of F , the integer rg p (F ) := dim Qp (Q p Log p (F )).
The use of Log p is a commodity since by conjugation by the elements of G, the knowledge of log p implies that of Log p and conversely by projections
To make a link with the concept of p-adic regulator, we shall prove first the following two technical results:
Lemma 2.1. Let p be an odd prime, unramified in K, and let λ ∈ Z K, (p) . If λ / ∈ p Z K,(p) , there exists u ∈ K × , prime to p, such that Tr K/Q (λu) ≡ 0 (mod p).
Proof. For all u ∈ K × , prime to p, consider the diagonal embedding of λu in By assumption, there exists a non-empty set Σ of places v | p such that σ v (λ) (hence σ v (λu) = σ v (λ) σ v (u) for all u prime to p) is a unit of K v . For v 1 ∈ Σ, write
Tr v (σ v (λu)) + Tr v1 (σ v1 (λu)) =: a + Tr v1 (σ v1 (λu)).
As p is unramified in K, the residue traces at p are surjective and since σ v1 (λu) is a unit, it is sufficient to take a suitable u ≡ 1 (mod v, v =v1 p v ) (in which case a ∈ Z p (mod p) does not depend on u) and u ≡ u 1 (mod p v1 ) such that for instance Tr v1 (σ v1 (λu)) ≡ 1 − a (mod p) if a ≡ 1 (mod p) (resp. 1 (mod p) if a ≡ 1 (mod p)).
Whence Tr K/Q (λu) ≡ 1 (resp. 2) (mod p).
1
The following lemma, valid for any p > 2 unramified, prime to η, will be especially useful to us (from [Wa, § 5.5 , proof of Theorem 5.31]):
Lemma 2.2. Let η ∈ K × , prime to p, and let λ(σ), σ ∈ G, be p-integer coefficients of KQ p , not all divisible by p. Suppose that we have the relation of dependence modulo p N +1 , N ≥ 1, of the n vectors ℓ σ := (. . . , log p (η τ σ
Then there exist coefficients λ ′ (σ) ∈ Z (p) , not all divisible by p, fulfilling the relation
Taking τ = 1 yields the relation
Proof. Modulo p N +1 , we can suppose that λ(σ) ∈ Z K,(p) for all σ ∈ G. Here the log p (η τ σ −1 ) are also represented, modulo p N +1 , by elements of Z K,(p) and the corresponding linear algebra is a priori over the field K. We obtain (for instance) Tr K/Q (λ(1)) ≡ 1 (mod p) by multiplication of the congruence by a suitable u ∈ K × prime to p (Lemma 2.1). By conjugation with ν ∈ G we obtain σ∈G λ(σ) ν log p (η ντ σ −1 ) ≡ 0 (mod p N +1 ) for all τ ∈ G, which is equivalent to σ∈G λ(σ) ν log p (η s σ −1 ) ≡ 0 (mod p N +1 ) for all s ∈ G. Taking the trace in K/Q of the coefficients (summation over ν), we obtain the rational p-integers λ ′ (σ) for all σ ∈ G, with λ ′ (1) ≡ 1 (mod p).
We may suppose that such linear relations of dependence modulo p N +1 Z K Z p , for N ≥ 1, are with coefficients in Z (p) because the two notions of rank coincide. Taking the limit on N , one goes from the complete ring Z K Z p to the p-adic ring Z p .
2.1.3. Regulators. Let F be the Z[G]-module generated by η. Since Q p Log p (F ) is the Q p [G]-module generated by Log p (η) and since v | p K v is the representation of G induced by the representation K v0 of the decomposition group D p0 , the p-adic rank r p (F ) of F is equal to the Q p -rank of the system of vectors (. . . , log p (η τ σ −1 ), . . .) τ , σ ∈ G, then to the rank (in the usual sense from the lemmas) of the classical p-adic regulator R p (η) (or Frobenius determinant) of η R p (η) := Frob G (log p (η)) := det log p (η τ σ −1 ) σ,τ ∈G .
1 For p = 2, K = Q( √ 17), λ = 1 + 2 √ 17, there is no solution u prime to 2.
The Z[G]-module F is monogenic in the framwork recalled in [J, § 1] , or [Gr1, III.3.1.2 (ii) ], in which case the conjecture of Jaulent ([J, § 2]), asserts that the p-adic rank rg p (F ) of F is equal to its Z-rank rg(F ) := dim Q (F ⊗ Q) (this is the natural extension of the Leopoldt conjecture on the group of units of K).
We note that any minor of order r is divisible by p r since log p (η) ≡ −p α p (η) (mod p 2 ) in Z p . Hence the following definitions for η ∈ K × prime to p:
with integer coefficients of KQ p . This Frobenius determinant is called, in all the paper, the normalized p-adic regulator of η. We have Reg
is called the local regulator of η (cf. § 2.3).
(ii) For a real Galois field K, the usual p-adic regulator R p (K) of the units is given by a minor of order n − 1 of Frob
suitable Minkowski unit, and the p-adic integer
is called the normalized p-adic regulator of K.
From Lemma 2.2 and after division by p of the logarithms, we are reduced to linear algebra reasoning over Z/p N Z, N ≥ 1; in particular, rg p (F ) is the Z/p N Z-rank of the matrix
If a minor M of order rg(F ) is nonzero modulo p N , then it gives rg p (F ), and it is the chosen practical viewpoint that we shall limit to N = 1, hence to the α p (η) modulo p; in this case, rg p (F ) is a priori greater or equal to the Z/pZ-rank of the matrix α p (η)
e , e ≥ 0.
2.1.4. Strong form of the Leopoldt-Jaulent conjecture. The previous local point of view (for all p except a finite number) can be analyzed in the following two manners:
(a) Local analysis. We make no assumption on rg(F ). If there exists in F a relation
, rg p (F ) < n). These global relations are transmitted into the weaker local relations
(mod p); they are said to be trivial (they do not come from a numerical circumstance with coefficients depending on the considered prime p, but to the existence of a non trivial global relation in F given by some constants λ(σ) ∈ Z). Conversely, if we have for fixed integers λ(σ) ∈ Z, not all zero, the family of local conditions (for all p except a finite number)
the question is to know if this is globalisable under the form
We assume only the congruences
finite number, with some λ(σ) ∈ Z , not all zero and independent of p.
ξ of torsion (of prime to p order, for p large enough); so
for almost all p. Conjecturaly, η 0 is a root of unity of K (from Conjecture 8.5).
(b) Global analysis. By comparison, suppose that, in a projective limit framework, we have coefficients
where for all σ ∈ G, λ p (σ) is the p-component of λ(σ).
being the group of pth roots of unity in K v and, for v | p,
We put η 0 :=
Since Log p ( η 0,p ) = 0 for all p prime to η, we have for all place v prime to η, i v ( η 0 ) = ξ v , where (generally) ξ v is a root of unity of order a divisor of ℓ n ℓ − 1, where ℓ is the residue characteristic of v (the places v | p of K such that ξ v is of order divisible by p are finite in number). We can write
By using the analogue for F of the local-global characterization of the p-adic conjecture of § 2] ; see also [Gr1, III.3.6.6] in the case of units), we can state (under this conjecture, same reasoning) that we have
We deduce that η 0,p is a root of unity ζ p ∈ K for all p prime to η.
If moreover we suppose that λ p (σ) ≡ λ(σ) (mod p) for all σ ∈ G and all p prime to η, where the λ(σ) are given rational integers, then η 0 ∈ F × , defined by
is equal to η 0,p up to a local pth power at p, thus η 0 ζ
we obtain the situation of § (a) since, for all p large enough, ζ p = 1 and there is coincidence. We can see our approach as a very important weakening to this classical p-adic context concerning the Leopoldt-Jaulent conjecture for all prime p; but as consideration, to have non empty information of a p-adic nature, we have been obliged to suppose the existence of the family of rational integers (not all zero) (λ(σ)) σ∈G satisfying the relation (*).
2.1.5. General study project. Our purpose, in connection with the previous p-adic comments, is to see with what probability (a priori very small) the normalized regulators Reg G p (η) of η (η fixed) are divisible by p (p → ∞). A normalized regulator Reg G p (η) can be factorised by means of powers of χ-regulators Reg χ p (η) (for the irreducible rational characters χ of G). This factorization does not depend on p. On the other hand, one can factorize Reg χ p (η) by means of θ-components Reg θ p (η) (for the irreducible p-adic characters θ | χ); this factorization depends on the residue degree of p in the field of values of the absolutely irreducible characters ϕ | χ of G. Then we shall get the congruence
We shall deduce a probabilistic study in order to apply the heuristic principle of Borell-Cantelli.
Remark 2.4. Lemma 3.8 shall allow us to reduce (modulo Q × ) to an η ∈ Z K , what we suppose in numerical and Diophantine studies. When the integer η is fixed or varies in a small numerical neighborhood (in an Archimedean meaning and not padic) and when p → ∞, we shall speak of probability, for instance Prob Reg G p (η) ≡ 0 (mod p) ; on the other hand, when p is fixed and η is the variable (defined modulo p 2 in our study), the probability coincides with the density of the numbers η ∈ K × (prime to p) satisfying the property. It is clear that densities are canonical and are computed by means of algebraic calculations. As probabilities are linked to densities, one can confuse the two notions as soon as they are at most O(1) p 2 , and then "excluded" from probabilistic considerations of the Borell-Cantelli principle.
On the other hand, in the case of densities O(1) p , the distinction is necessary. The idea (developed in [Gr2] for ordinary Fermat quotients) is that, conjecturally, when η is given, these probabilities are less than densities when p → ∞ and that, under the existence of a binomial law for Prob ∆ θ p (z) ≡ 0 (mod p) (z running through a suitable set of residues modulo p), this probability is
, where c 0 (η) = max ν∈G (|η ν |), which suggests the finiteness of the number of cases (Theorem 1.1).
Representations and group determinants (Frobenius determinants).
We make no assumption on the Galois group G; for this, we begin by a general recall in terms of representations (for a comprehensive course on representations and characters, see [Se1] ; for the Abelian case, see [Wa] or [C] ).
2.2.1. General notation. As C[G] is the regular representation, we have the iso-
. V ρ , where (ρ, V ρ ) runs through the set of absolutely irreducible representations of G and where deg(ρ) is the degree (C-dimension of V ρ ). We denote by ϕ the character of ρ; consequently, deg(ρ) = ϕ(1). We choose to index objects depending on ρ by the letter ϕ (e.g. V ϕ ) and to keep ρ = ρ ϕ as a homomorphism of G into End(V ϕ ).
For the algebra C[G] of endomorphisms E ∈ C[G], acting on the basis {ν, ν ∈ G} by multiplication ν → E . ν, we have the isomorphism
For the decomposition of e ϕ C[G] into a direct sum of ϕ(1) irreducible representations, isomorphic to V ϕ , we use the projectors comming from a matrix representa-
giving a system of (non central) orthogonal idempotents such that e ϕ = i π ϕ i .
2.2.2.
Recalls on group determinants (from [C] ). Let G be a finite group and let Frob G (X) = det X τ σ −1 σ,τ ∈G be the determinant of the group G, or Frobenius determinant, with indeterminates X := (X ν ) ν∈G . We then have the formula
.
Hence the existence of homogeneous polynomials P ϕ (X), of degrees ϕ(1), such that
The specialization
, and from Reg
we group into partial products associated with the characters χ and θ irreducible over Q and Q p , respectively
2.2.3. Practical calculation of the P ϕ (X). The polynomials P ϕ (X) are obtained in the following way: from the vectorial space V = C[G] (provided with the basis G), we consider the endomorphism of
So, the determinant of this endomorphism in the basis {τ, τ ∈ G} is the Frobenius determinant (defined up to the sign). Let (ρ ϕ , V ϕ ) be the family of non isomorphic absolutely irreductible representations. We shall take for End(V ϕ ) the component e ϕ C[G] associated with the character ϕ. We use the algebra isomorphism ρ :
where ρ ϕ (ν −1 ) = e ϕ ν −1 in the previous identification. From the Maschke theorem, we get for the endomorphism
where
Let g be the least common multiple of the orders of the elements of G; it is known that representations are realizable over the field C g = Q(µ g ) of gth roots of unity ([Se1, § 12.3] ). So, we may suppose that the a ϕ ij (ν) are p-integer algebraic numbers, for all p large enough (i.e., P ϕ (X) ∈ Z Cg,(p) [X] for all ϕ).
, we define its conjugates in the following Galois manner so that for all
× of the action of Γ on µ g . We also put ϕ t (ν) := ϕ(ν t ) for all integer t prime to g (Γ-conjugation).
2.2.4.
Rational and p-adic characters -Idempotents. We recall their practical determination.
(i) Rational characters. We put, for ϕ fixed
where C ⊆ C g is the field of values of any Q-conjugate of ϕ.
(ii) p-adic characters. If p ∤ g, denote, for χ fixed, by L and D the field and the decomposition group of p in C/Q. Let f = |D| be the residue degree of p in C/Q and h = [L : Q] the number of prime ideals
We fix one of the h prime ideals p | p of L (we shall say that θ and p are associated).
the rationals r p t (ν) depend numerically of the residue images at p t of the trace in C/L of the ϕ(ν).
If θ = s∈D ϕ s and p are associated, the h conjugates of θ are the
For p fixed, the integer f depends only on χ and is called the residue degree of the characters ϕ, θ and χ. We have, by Γ-conjugation, ϕ
(iii) Idempotents. We put e χ = ϕ | χ e ϕ and e θ = ϕ | θ e ϕ ; thus e χ = θ | χ e θ . The e θ (resp. e χ ) give a fundamental system of orthogonal idempotents of
s , which defines the conjugate by s of the polynomial P ϕ (X) (i.e., of its coefficients).
Theorem 2.5. (i) For all p large enough, the polynomials P χ (X) (resp. P θ (X)) have rational p-integer coefficients (resp. p-adic integer coefficients).
(ii) For all irreducible character ϕ, we have
) commute; moreover, since ρ ϕ is a homomorphism, we have the following formula
Then, since the determinant of ρ ϕ (π) ∈ End(V ϕ ) is that of a diagonal matrix whose diagonal is formed of roots of unity, we get
where ζ π is of order a divisor of the order of ρ ϕ (π) which is a divisor of g.
Corollary 2.6. For all π ∈ G and all absolutely irreducible character ϕ, we have
In the same way,
2.2.5. Numerical determinants. In this section, there is no reference to a prime number p and the characters that we consider are absolutely irreducible or rational. The above leads to define the numerical χ-determinants of Frobenius of any α ∈ Z K (i.e., independent of the given η ∈ K × ).
Definition 2.7. Let G be a finite group and let Frob G (X) be the associated group determinant. The χ-determinants (with indeterminates and numerical) are by definition the expressions
Example 2.8. In the case of the group D 6 = {1, σ, σ 2 , τ, τ σ, τ σ 2 }, we have the following numerical χ-determinants
The two last one are of the form Frob
is the quadratic subfield of K and we neglect the factor √ m; but Frob χ2 (α) appears to the square in the determinant Frob G (α) and the result is rational, which is not the case of Frob χ1 (α). This is specific of quadratic characters.
For computations, we can return to the matrix realizations (C = Q, ϕ = χ 2 )
which leads (by specialization and by taking the determinant) to
Still for χ 2 (of degree 2) and the representation e χ2 Q[G] ≃ 2 V ϕ , there exist two orthogonal projectors π 1 , π 2 , of sum e χ2 = 1 3 (2 − σ − σ 2 ) ( § 2.2.1), which yields here
2.3. The local θ-regulators. Let η ∈ K × be given and let p be large enough so that p is unramified in K, prime to n = [K : Q] and η.
2.3.1. Generalities. We fix an algebraic integer α ∈ Z K defined by α ≡ α p (η) (mod p). We obtain the determinant, with coefficients in Z K , defined modulo p
we find again the existence of a factor √ m which comes from the resolvant of a quadratic character of G and that we neglect in the definitions of regulators.
Definition 2.9. For all p large enough and for each Q p -irreducible character θ of G, we call local θ-regulator of η, the p-adic integer defined by
For θ | χ (χ fixed), the corresponding local θ-regulators depend on the splitting of p in C/Q and there are h = so p divides Reg 
with the convention on the notation N C/Q , especially when K and C are not lineairely disjoint. We recall the quadratic exception for χ.
In the same way ∆
where for p | p in C, p associated with θ, N p denotes the absolute local norm (issued from N C/L ) in the completion of C at p; we find again ∆ χ p (η) as a product of the correspondent local norms at p. Same normic relations by replacing ∆ p by Reg p and α by
′ is the faithful character resulting from θ. By replacing η by η
× and is given by Tr K/Q (α), in other words
(Fermat quotient of a); for classical properties and use of Fermat quotients, see, e.g., [EM] , [GM] , [Gr2] , [Hat] , [H-B] , [KR] , [OS] , [Si] . For a = 659 and p ≤ 10 9 , we only find the solutions p = 23, 131, 2221, 9161, 65983. See [Gr4, . For a = 47 and a = 72, we find no solution for p ≤ 10 11 .
(ii) If χ = θ is quadratic and if k = Q( √ m ) is the quadratic subfield of K fixed by the kernel of χ, we obtain a θ-regulator corresponding to the case
If K is a real quadratic field with the fundamental unit ε, because of the multiplicative relation of dependence ε 1+σ = ±1, the 1-regulators ∆ 1 p (ε) are trivialy zero modulo p. The θ-regulator of the quadratic character is ∆
We compute the θ-regulator ∆ θ p (ε) of the fondamental unit ε = 5 + 2 √ 6, for all p ≤ 10 9 (p = 2, 3) (see [Gr4, valuable for any quadratic integer). We find a θ-regulator equal to zero modulo p only for p = 7, 523, which gives a second observation on the rarity of the phenomenon. Let η = 1+ √ 6 of norm −5. We have rg(F ) = 2 (no trivial nullities). We verifiy that Fermat quotients ∆ we find no solution in the tested interval.
2.3.4. Criterion of trivial nullity for local χ-regulators. Let η ∈ K × and let F be the Z[G]-module generated by η.
Remark 2.11. In the decomposition Frob
(mod p), some of the local χ-regulators ∆ χ p (η) are zero modulo p as soon as there exists a non trivial global multiplicative relation of the form
which yields
are zero modulo p for all p large enough (they are said trivialy null modulo p).
This implies the trivial nullity modulo p of certain ∆ θ p (η), θ | χ, namely those for which U θ := e θ U ≡ 0 (mod p); for the proof, see the Lemmas of § 3.2 (criterion of nullity modulo p of ∆ θ p (η)).
For instance, for G = D 6 and ϕ = χ = χ 2 , the elements
So we may have the non trivial ϕ-relation η
is equal to zero modulo p because of the first relation.
To suppose rg(F ) = n avoids this disadvantage. We can always suppose it by multiplying η by a suitable η ′ in such a way that (
These congruences (mod p) in the group algebras mean (depending on the case)
where Z C,(p) is the ring of p-integers of the field of values C of the ϕ | χ.
This does not occur for
(for θ and p associated), which is only equivalent to U ϕ ≡ 0 (mod p) for all ϕ | θ ( § 2.2.4 (ii)).
Examples 2.14. a) G = C n . Let G cyclic of order n and let χ of order d | n; then the elements η ∈ K × such that η eχ = 1 correspond to the trivial nullity (mod p) of
For n = 3 (for which C = Q(j), where j 3 = 1, j = 1), we have the two rational idempotents
The three idempotents for the group D 6 are
),
(i) The η such that η e1 = 1 correspond to the trivial nullity of ∆
where k is the quadratic subfield of K, and correspond to the trivial nullity of
(iii) The η such that η Uχ 2 = 1 for U χ2 ∈ e χ2 Q[G] \{0} lead to the trivial nullity of
3. F p -linear relations between the conjugates of α Let η ∈ K × be fixed and let p be a large enough prime number.
. We intend to establish the relation between the nullity modulo p of certain ∆ θ p (η) and the existence of certain F p -linear relations between the conjugates of α p (η) modulo p. We implicitely suppose rg(F ) = n. First, let us establish elementary generalities: 3.1. F p -independence. Let α ∈ K, arbitrary (so α ∈ Z K,(p) for all p large enough). We shall say that the α ν , ν ∈ G, are F p -independent if, for all family of coefficients u(ν) ∈ Z (p) , the congruence
We then have the following result where we recall that Frob
Proposition 3.1. Let α ∈ K be given. We assume p large enough in such a way that α ∈ Z K,(p) and p does not divide the discriminant of K.
(i) The α ν are F p -independent if and only if α is a normal
(ii) The α ν are F p -independent if and only if Frob G (α) is prime to p.
Assume now that the α ν are F p -independent and that there exists a non-trivial relation of Q-linear dependence between the conjugates of α; it follows a relation of the form
∈ Z \ pZ, one can return to the integer case for α. As p is large enough, it does not divide the discriminant of K/Q, and the discriminant of the normal
is not divisible by p and the two discriminants coincide up to a p-adic unit). But the discriminant of the normal basis α is the square of the Frobenius determinant Frob
Suppose Frob G (α) prime to p, and suppose there exist some λ(σ) ∈ Z (p) , not all divisible by p, such that
. By conjugation by τ ∈ G, we obtain a Z (p) -linear relation over the lines of the form
Corollary 3.2. If for p large enough at least one of the local θ-regulators ∆ θ p (η) is zero modulo p, then the α p (η) ν are not F p -independent and there exists a F p -linear
3.2. Criterion of nullity modulo p of the ∆ θ p (η). We refer to § 2.2.4 using the decomposition field L of p in C/Q and D = Gal(C/L). To simplify, we suppose K ∩ C = Q. We recall that Z C,(p) is the ring of p-integers of C.
3.2.1. Main lemmas. Let η ∈ K × be such that the multiplicative Z[G]-module generated by η is of Z-rank n. We fix α ≡ α p (η) (mod p) in Z K . As usual, ϕ denotes an absolutely irreducible character and θ an irreducible p-adic character.
call associated relation with α the element
and we define, for characters ϕ and θ, the ϕ-relations U ϕ := e ϕ . U ∈ Z C,(p) [G] , and the θ-relations (iii) For θ, we denote by
for all irreducible character ϕ.
Lemma 3.5. Let U ∈ L, let p be associated with θ, and let ϕ | θ be such that U ϕ ≡ 0 (mod p) (condition independent of the choice of ϕ | θ). Then the endomorphism
Proof. Let us work by transposition of endomorphisms (which does not change determinants). We have
from Lemma 3.4 above.
As E ϕ is an endomorphism of V ϕ over KC, for the prime ideal p | p of C such that U ϕ ≡ 0 (mod p), there exists a prime ideal P | p of KC for which det(E ϕ ) ≡ 0 (mod P). But any conjugation by τ ∈ G gives
and we obtain det(E τ ϕ ) = det(E ϕ ) det(e ϕ τ ) ≡ 0 (mod P τ ), whence det(E ϕ ) ≡ 0 (mod τ ∈G P τ ) since the det(e ϕ τ ) are invertible.
Since det(E ϕ ) ≡ 0 (mod p) (extended to KC), this yields P ϕ (. . . , α ν , . . .) ≡ 0 (mod p) which may be written ∆ ϕ p (η) ≡ 0 (mod p). Since ∆ θ p (η) is the local norm at p of ∆ ϕ p (η), we get:
for the p-adic character θ above ϕ associated with p.
Proof. Lemma 2.2 allowing Z C,(p) -linear reasoning, there exists W ∈ e ϕ Z C,(p) [G] such that W ≡ 0 (mod p) is in the kernel of the transposed of E ϕ , which may be written W . E ϕ . ≡ 0 (mod P) for P | p in KC.
The relation E τ ϕ = E ϕ • e ϕ τ and the fact that W is with coefficients in Z C,(p) shows, by conjugations, that the congruence occurs modulo p (extended).
giving the non-trivial associated ϕ-relation modulo p
Lemma 3.8. In the study of the
, for all θ-relations relative to η, (or not) at the same time (Theorem 3.9 below). Then we shall suppose η ∈ Z K for certain Diophantine reasoning (essentially in Sections 6, 7), but we can keep η ∈ K × in general statements.
Main statement.
The technical results of § 3.2.1 lead to the following:
Theorem 3.9. Let K/Q be a Galois extension of degree n of Galois group G. Let η ∈ K × be such that the multiplicative Z[G]-module generated by η is of Z-rank n.
For any unramified prime p > 2, prime to n and η, put η 1 := η
i.e., such that, by definition,
Let θ be an irreducible p-adic character of G and let f be the residue degree of p in the field of values of the absolutely irreducible characters ϕ | θ. 
From Lemma 3.7, there exists, for ϕ | θ, a non trivial ϕ-relation modulo p of the
for all i and all ν, whence
on the basis of the z i one obtains the system of relations in Z KL,(p)
For all i, and all ν, there exist some r Corollary 3.10. When L θ = {0}, we get local lifts of the form η
1 is a global element of K × being a local pth pover at p.
Proof. We have η
Heuristic considerations and experiments
4.1. Probabilistic methods. If some events E p , indexed by the prime numbers, are independent and of probabilities Pr(E p ), we may apply the heuristic principle of Borel-Cantelli that is to say: if the series p Pr(E p ) is convergent, then the natural conjecture is that the events E p are realized finitely many times, and that if it is divergent they are realized infinitely many times with a suitable density (see [T, Chap. III.1] ). In our case, E p is, for η ∈ K × fixed, the events
for a choice of θ for each p ( § 2.3). In the general case, since Reg θ p (η) is a local norm in the extension C/Q, such a local regulator is either prime to p, either divisible by p f , where f is the residue degree of p in this extension; similarly, if the irreducible character ϕ | θ is of degree ϕ(1) ≥ 2, Reg
We shall see that the degree ϕ(1) does not occur for probabilities but that, on the contrary, the number δ such that L θ ≃ δV θ occurs, as well as f , under the formula
p f δ 2 which is the probability to have " ∆
We shall neglect primes p for which at least two θ-regulators ∆ θ p (η) are divisible by p, such a probability being at most O(1) p 2 , given the independence of the local θ-regulators ( § 4.3). It will remain the case ∆ θ p (η) ≡ 0 (mod p) for a unique p-adic character θ of G under the conditions f = 1 and the representation L θ being minimal (i.e., δ = 1); then we will have Reg
eϕ (1) with e = 1, the case e ≥ 2 being also of probability at most
p 2 ( § 4.6). The obstruction for the utilisation of the heuristic principle of Borel-Cantelli would come from primes p satisfying the following definition: Definition 4.1. A prime number p constitutes a case of minimal p-divisibility for the normalized regulator Reg
If G is Abelian, this concerns certain p ≡ 1 (mod d), where d is the order of ϕ | θ. If G = 1 (situation of the Fermat quotient of a rational), this occurs for all p.
4.2.
Principles of analysis -linearization of the problem. Let η ∈ Z K be given such that the multiplicative G-module generated by η is of Z-rank n, even if any case of sub-representation may be studied in an analogous way.
Densities vs probabilities.
We can verify by experiments the following heuristic principles using the function random of PARI to define an arbitrary integer γ of K, prime to p (in fact we are only interested by the class modulo p 2 of γ):
, experiments show that the statistical result remains excellent if one limits γ into a small Archimedean domain (defined for instance by |c i | ≪ p for the components c i of γ on a basis, or by max ν∈G (|γ ν |) ≪ p), which preserves the Diophantine aspect and proves an uniform distribution (required limitation when p n is very large). In [H-B] it is proved the uniform distribution of Fermat quotients and it is easy to conjecturer that this is general. As explained in Remark 2.4, we must distinguish the notion of probability (γ fixed and p → ∞) from that of density, purely algebaic, when they are equal to
; we establish Sections 6 and 7 the analogue of the study conducted in [Gr2] for Fermat quotients (with numerical verifications for the groups C 3 , D 6 ), which constitutes a serious justification of the conjectures of Section 8.
(ii) Let (e i ) i=1,...,n be a
then, modulo p, the variables A i are independent and equiprobable in F p , and this does not depend on K nor of the choice of the basis. Any non trivial relation of the form
into an analogous non trivial relation on the A i (because the conjugates of the e j are linear forms on the e i , independent of p).
Main Heuristic. The probability (comming from the corresponding density) of ∆
we shall justify that we must assign to this case the probability
where f is the residue degree of θ, where we consider V θ as a F p -representation and then, by extension of scalars,
where L ϕ ≃ δV ϕ , and the idea comes from the fact that when
as an algebra of endomorphisms of a F p f -space of dimension ϕ(1).
Therefore, L ϕ ≃ δV ϕ is then seen as a sub-algebra of endomorphisms of a F p f -space of dimension δ, whence a probability-density
The case f = δ = 1 establishes the case where the notion of probability must be substituated for that of density.
We shall note that the probability to have all the ∆ θ p (η) ≡ 0 (mod p) with each time δ = ϕ(1) (i.e., α p (η) ≡ 0 (mod p), equivalent for the n components of α p (η) to be zero modulo p) is then
This shows the consistency of the proposed heuristic.
The most frequent non trivial case is δ = 1 (the residue degree f depends canonically of p contrary to δ which is "numerical"). For instance, from δ = 1 to δ = 2 (for f = 1), this increases the probabilities from Example 4.2. Case of G = D 6 (f = 1, 1 ≤ δ ≤ 2). Let θ be the irreducible character of degree 2; the representation e θ F p [G] is isomorphic to 2 V θ where V θ is of F p -dimension 2. On may generate e θ F p [G] as follows (see Remark 2.13 (ii))
The elements U 1 , σU 1 , U 2 , σU 2 constitute a F p -basis of the space of the θ-relations, which justifies the probability (ii) the probability
to have the nullity modulo p of ∆ θ p (γ) for the character θ = χ 2 of degree 2, the case of characters of degree 1 being analogous.
We consider the field K (compositum of Q( 3 √ 2) and of Q(j), where j denotes a cubic root of unity) defined by the polynomial
We take at random γ modulo p 2 , prime to p, which gives some α = α p (γ) uniformly distributed modulo p. The Pr. A-3 of [Gr4] compute the conjugates of α on the basis {x 5 , x 4 , x 3 , x 2 , x, 1}. The variable N 0 is the number of γ prime to p. The variables N 1 , N 2 , N 3 , N 12 , N 13 , N 23 , N 123 give the number of cases of simultaneous nullities of 1, 2 or 3 regulators (characters χ 0 , χ 1 , χ 2 of degree 2, respectively). A i (ν) e i , then the matrix A i (ν) i,ν must be of F p -rank strictly less than n. For θ | χ, the probability of nullity modulo p of a single ∆ θ p (γ) is 1 p f δ 2 ; the probability to have at least a ∆ θ p (γ) zero modulo p for θ | χ is h p f δ 2 . So if we denote by h i , f i , δ i , the above parameters for the totality of the p-adic characters of G (grouped by rational characters χ i ), the theoretical probability to obtain a matrix of F p -rank < n is given by
which can be verified by means of programs calculating, for some random γ, the number of cases of F p -rank < n (G ≃ C 3 , C 5 , D 6 , respectively, in the variables N 3 , N 5 , N 6 ). Each group G is given via a polynomial defining K, but numerical experiments show that the nature of the probabilistic results only depends on G but not of the choice of K nor of the polynomial defining it.
4.4.1. Case G cyclic of order 3 (two rational characters). We use the Shanks polynomial P = x 3 − 11x 2 − 14x − 1. In the case p ≡ 1 (mod 3) we have three p-adic characters of residue degree f = 1, in the case p ≡ 2 (mod 3) we have a p-adic character of residue degree f = 2 and the unit character. We obtain the following examples (see [Gr4, , we test the frequency of nullity modulo p of the θ-regulators related to two p-adic characters (p = 31 totally split), and only two among the four non trivial characters, namely for instance for θ 1 and θ 2 defined by θ 4.5.1. Cubique cyclic case. Let K be the cubic cyclic field defined by the polynomial x 3 − 11x 2 − 14x − 1, of conductor 163. This is to check that the variables A, B, C,
The Pr. A-7 of [Gr4] considers random prime to p integers γ modulo p 2 , in a small sub-domain of (Z/p 2 Z) 3 . Then it computes for instance the number of pairs (A, B) (resp. (B, C), (C, A) ) having an arbitrary fixed value in F In the array below, we give two cases of residue degree 2 in Q(j)/Q (j 3 = 1, j = 1) and we continue with totally split cases 
In the case of minimal p-divisibility (Definition 4.1), we have Reg θ p (η) ∼ p for a unique θ, and Reg
If we only suppose that p is totally split in C/Q (f = 1) and that there exists θ such that Reg ) if θ is unique), for which we want to verify that they are of probability
(in which case any large enough p is convenient for the test), the Pr. A-9 cheks this fact for the regulator
where the E i , 1 ≤ i ≤ 6, are the conjugates of an integer of K (indeed, one may suppose that −1 p log p (η) is represented modulo p 2 by an arbitrary integer E ∈ K).
For p = 101 and 10 6 tests via random, we obtain a density of cases e ≥ 2 equal to 1.01 × 10 −4 for a theoretical probability 0.98 × 10 −4 .
For p = 149, we obtain 4.60 × 10 −5 for a probability 4.50 × 10 −5 .
The case of characters of degree 1 offers no difficulty (under the condition f = 1) and we shall make the heuristic assumption that it is the same for all group and all character in the p-splitted case, and in particular that P ϕ . . . ,
. . may have any p-adic valuation with the corresponding probability. It would be interesting to prove that this property of the polynomials P ϕ (X) is universal.
5. Numerical study of two particular cases 5.1. Abelian case. We can always reduce to the case where G is cyclic of order n > 2, generated by σ (see § 2.3.3 for the case n ≤ 2). Consider the numerical data for p = 31
For r = 4, which is such that θ(σ) ≡ r (mod p) for a pair (θ, p), we immediately have, as expected
identically on the basis {x 4 , x 3 , x 2 , x, 1}.
(ii) For η = 10 x 4 − 7 x 3 + x − 2, we find the unique solution p = 7, first totaly inert case in Q(ζ 5 ). The program gives that all the conjugates of α are zero modulo p (whence moreover ∆ 1 p (η) ≡ 0 (mod p)). It is clear that the inert case in Q(ζ 5 )/Q is very rare. Furthermore, p is small to compensate a probability
The resolvant α + ζ 5 α σ + ζ 
Then, the ideal p is for instance defined by the congruence √ 5 ≡ 20 (mod p), whence
≡ 49 (mod p) which defines the coefficients r i (ν), i = 1, 2, and (θ, p). We have obtained two linear relations with independent rational coefficients
The numerical data for α and its conjugates are
which satisfy the system of the two above congruences. We have the two independent relations, defining
the second one being the conjugate by σ 4 of the first one. Whence the probability Gr4, , the program takes again the previous case and is concerned with the various possible residue degrees of p in Q(ζ 11 +ζ −1 11 )/Q to verify that the probability for ∆
We display the theoretical probabilities, depending on the case (f = 1, 2, 4), and the number N 1 of solutions compared with the number N 0 of tested η. For p = 31, the residue degree is 1 and we obtain the values N 1 = 61505, 
5.2.
Case of the group D 6 . Let k = Q( √ m) be the quadratic subfield of K and let χ 1 , χ 2 be the two non trivial irreducible rational characters (and p-adic) of D 6 . We still use K = Q( 3 √ 2, j) where j denotes a cubic root of unity (m = −3).
5.2.1. Recalls. We study the three local χ-regulators ∆ χ p (η), each time supposed non trivialy null modulo p (no χ-relations in F ). We have
× \Q × and we suppose that
we then have the unique condition v ≡ 0 (mod p), which yields the probability
p (η) (considered up to the factor √ m); we have dim((F ⊗ Q) eχ ) = 4 (case of a character of degree 2), which yields, for ϕ = θ = χ 2 , the condition
(cf. Example 2.8). The calculation of the three representations 
We begin with examples concerning the p-adic character θ = χ 2 . The Pr. A-13 of [Gr4] computes the conjugates of α on the basis of powers of x = 3 √ 2 + j. This allows us to find the relations of F p -dependence of these conjugates, under the form
5.2.2.
Case η = x 5 −3x 4 −7x 2 +x−1. We find the solutions p = 7, 13, 69677, 387161, up to 10 7 .
a) For p = 7, we have the following numerical data
which yields the two linearly independent F p -relations
and their lifts
For the θ-relation U = 1 − σ + τ − τ σ 2 we obtain σ 2 U = −U − σU , τ U = −σ 2 U , τ σU = −σU , τ σ 2 U = −U , and U generates a space of dimension 2 (L θ ≃ V θ ).
b) For p = 13, we obtain the relations
For the θ-relation U = 1 − σ 2 + τ − τ σ 2 , we obtain σ
c) In the case of p = 69677, we find the coefficients (c 1 , c 2 , c 3 , c 4 , c 5 , c 6 ) = (53404, 39540, 46410, 69676, 1, 0) & (23267, 16273, 30137, 69676, 0, 1) and a similar conclusion.
We obtain four independent F p -linear relations as
and their conjugates.
Thus the three regulators are zero modulo p. But for θ, L θ is generated by U = e θ (1 − τ ) and by σU ; we have σ
The G-module L is generated by the three independent F p -linear relations (see [Gr4, 19α + 56α σ + 46α
The idempotent e 1 gives the trivial relation (because 19+56+46+1 ≡ 0 (mod 61)), thus the Fermat quotient of ∆ 1 p (η) is nonzero modulo p. We obtain the χ 1 -relation corresponding to the idempotent e χ1 by summation of the three relations, which yields
(whence for θ = χ 1 the nullity modulo p of the θ-regulator ∆ θ p (η)). In fact it is a trivial nullity, the program finding that all the primes p are solution for ∆ θ p (η) ≡ 0 (mod p); the conjugates of η satisfy to
The choice of η being random, this fact was a pure coincidence ! For θ = χ 2 (of degree 2), the θ-regulator ∆ θ p (η) is zero modulo p (non trivially) and this corresponds to the following θ-relation by use of e θ = 1
By conjugation, this last relation generates a F p -space of dimension 2 (in other words, L θ ≃ V θ ). Indeed, for the corresponding θ-relation
we have by definition σ 2 U = −U − σU and we find the relations τ U = 24U + 51σU , τ σU = 27U + 37σU , τ σ 2 U = 10U + 34σU .
5.2.5. Case η = 3x 5 − 20x 4 + 15x 3 + 16x 2 + 9x + 21, p = 7. We find
This case for which the G-module
is very rare, as we have seen § 4.4.3 (probability O(1) p 4 ), because we must take η in such a way that rg(F ) = 6 and that none of the ∆ χ p (η), χ = 1, χ 1 , be zero modulo p, which is here the case.
Sets of residues modulo p in Z K
The application of the Borel-Cantelli principle only depends on the obstruction of minimal p-divisibility (Definition 4.1). So we propose in this section and the next one to remove this obstruction by means of the same heuristic used in [Gr2] for Fermat quotients of rational integers. The fundamental point being the use of the Archimedean metric together with the p-adic one.
6.1. Definition of sets of residues.
6.1.1. Recalls on Fermat quotients. In the case K = Q, we work in the set of residues
(maximal number of repetitions of the Fermat quotient). Then, we observe the
· (1 + ǫ(p)) (see [Gr5] for improvements and discussion about this question), then the fact that a u 0 ∈ [0, p[ such that m p (u 0 ) = M p is random, and that the proportion of Fermat quotients obtained in [0, p[, by at least a z ∈ I p , tends to 1 − e −1 ≈ 0.63212 when p → ∞.
It is the analysis of these numerical results which suggests the existence of a binomial law of probability on the m p (u), u ∈ [0, p[, with parameters p − 1, 1 p , giving :
In particular, the probability to have m p (u) ≥ 1, (i.e., u ∈ [0, p[ is reached), is precisely rapidely equal to 1 − e −1 ≈ 0.63212 when p → ∞.
If we apply this heuristic to a ≥ 2 fixed and ∆
log(a) in number (for the z = a j , 1 ≤ j ≤ h, and are said exceptional solutions), in which case, an elementary analytical calculation gives a probability of the form 6.1.3. Another approach for dimension n > 1. The problem is multiplicative since the O(log(p)) first powers of η must belong to the Archimedean set I p ⊆ I p (I p to be defined) which must contain the exceptionnal solutions when ∆ θ p (η) ≡ 0 (mod p). Moreover, the numerical aspect needs to work in a "structure of dimension 1" by analogy with the case K = Q. Give for this the following definitions:
Definition 6.1. We make choice of an integer basis e i i=1,...,n of K, and for all
(ii) We define the set of residues
In the case n = 1 of the Fermat quotient of fixed η = a, if γ = g is a primitive root modulo p > 2,
has a periodicity if a is not a primitive root modulo p and we must not base the statistical study on this set, but on I p (g). Moreover, the group of roots of unity (here ±1) must be taken into account. In the general case, let µ K be the group of roots of unity of the field K. We denote by D the order of
, where we suppose that η generates a multiplicative
-module of rank n. We have the following result for all prime p large enough:
, where c 0 (η) = max σ∈G (|η σ |).
v is a generator, and let η v be the image of η. We put
Replacing γ by γ µ , µ prime to p np − 1, one may suppose that λ =
, which leads to η rτv ≡ η r (mod p v ). But the integer η rτv − η r is nonzero since η r is not in a strict subfield of K and if D(η r ) is its discriminant, it is a nonzero rational integer hence not divisible by p for all p large enough (absurd).
Up to conjugation, one may suppose that |Λ| ≥ 1. This yields |η| d ≥ |Λ| p − |ζ| ≥ p − 1, and finally
have the same statistical behavior concerning the numbers m p (u) and M p . We may in general consider the set
We distinguish two cases about numerical experiment:
But when p → ∞ one can use the following heuristic/conjecture: Heuristic 6.3. We suppose that K is distinct from Q and from a quadratic field. The primes p for which n p > 1 and η is of order D modulo p, with D < p, are finite in number.
Put n = n p g p and let (η v ) v | p be the image of η in
To say that η is of order a divisor of D modulo p is equivalent to the g p independent conditions η O(1) p npgp−gp−1 , which is clear for (n p − 1)g p > 2 and needs a particular study in the case n p = 1 and in the case of a quadratic field K with p inert. In this last case, we can define a "structure of dimension 1" in the following way. We replace η by η ′ = η τ −1 where τ , is a generator of G and the Frobenius automorphism at p; we then have η
′ is independent of p and remains "small". We shall have
Remark 6.4. By using an analytical argument of [T] , one may replace O(1) p npgp−gp−1 by the upper bound C ǫ p npgp−gp−ǫ (for all ǫ > 0 and p large enough), which allows us to eliminate cubic and quartic cases, but not the quadratic case for which we have conjecturally infinitely many solutions p (cf. [Gr6] ).
The point (ii) of Lemma 6.2 enforces this heuristic. Thus we shall base the statistical study on I p = I p (η). We admit, as for the case of Fermat quotients (cf. [H-B] ), that the ∆ θ p (z) are uniformly distributed from any set with p − 1 elements of residues z generated by the powers of a fixed integer. b) Case n p = 1 (p totally split in K). The order D of η modulo p is a divisor of p − 1 and the probability for this order to be a strict divisor of p − 1 is 1 −
where φ is the Euler function, which roughly is between 1 2 and 1 − 1.781 log 2 (p) . So we cannot consider I p (η). We use Lemma 6.2 (i) to create a set of residues of the form
p and which has p − 1 elements. We may always choose γ such that [η] 
For the numerical experiments, we shall use I p = I p (γ) generated by a γ having the good generating properties because the goal is to verify the validity of the existence of a binomial probability law for the values of the m p (u), which is a property of I p and not a property of its elements; in other words, I p must be the analogue of I p (g) for the dimension 1 and if we study a fixed η (analogue of a ≥ 2 for the dimension 1) when p → ∞, one may say that η belongs to a suitable I p (γ) in which the heuristic applies (as for a ∈ I p (g)).
The programs do not make the distinction between η and γ insofar as the case |I p | < p − 1 is very rare. We suppress from I p the roots of unity ζ ∈ µ K because α p (ζ) = 0 would modify the statistics (we still meet this case in dimension 1 where
After, for the computation of the m p (u) and of M p , relative to I p , we shall prove 
More precisely, we have the following result:
Lemma 6.5. Let η ∈ Z K \ {0}, be an integer of K, distinct from a root of unity, and let c 0 (η) = max σ∈G (|η σ |). Then there exists an explicit constant Γ(K) ≥ 1, independent of η and p, such that η
(since |N K/Q (η)| ≥ 1 and η is not a root of unity, we have c 0 (η) > 1).
for all σ ∈ G. The matrix e σ i i,σ is invertible (the square of its determinant is the discriminant of the field K); the coefficients Γ σ i of the inverse matrix are elements of K independent of η, p, j, and
A sufficient condition to have |A j,i | < 1 2 p for all i, is that a common upper bound of these numbers be less than
(maximum of the sums of the lines); then it is sufficient to have
there exists at least an index i such that
The general case is thus analogous to that of Fermat quotients and leads to the following result with the notation of Lemma 6.5:
Theorem 6.6. Let η ∈ Z K generating a multiplicative Z[G]-module of rank n. Let p be large enough and let I p = I p (γ) (Definition 6.1) be such that |I p | = p − 1 and such that η ∈ I p ; let θ be an irreducible p-adic character of G.
log(c 0 (η)) (Lemma 6.5 and 
consequently, the conditions e h ≤ p − 1 and z j / ∈ µ K are always fullfiled. We know that α p (η j ) ≡ j α p (η) (mod p) for all j and that we have η ≡ γ e (mod p), e ∈ [1, p[. If we restrict ourselves to the j ≤ h, we get η j ≡ γ e j (mod p) and
By definition of the G-modules L θ (whose non triviality is equivalent to the nullity of the corresponding ∆ This implies the existence of at least h = O(log(p)) exceptional solutions, relatively to the integer η. 7.2.2. Cyclic cubic case, p splitted in Q(j) (j 3 = 1, j = 1). We then have p ≡ 1 (mod 6), i.e., f = 1. There are two p-adic θ-regulators where α = α p (z) and where r is one of the two elements of order 3 modulo p.
In that case, ∆ θ p (z) is a "resolvant of Hilbert modulo p" which is congruent to a rational modulo the prime ideal p associated with θ. But Pr. B-2 of [Gr4] gives ∆ θ p (z) = u 2 x 2 + u 1 x + u 0 which supposes that we use a congruence of the form x ≡ R (mod p) in order to obtain ∆ θ p (z) ≡ u (mod p). We proceed in a different way: to get a rational, we multiply ∆ θ p (z) by
which serves as a "conjugate resolvant" once for all; it is not divisible by p. We generate I p by means of γ = x 2 + 2. We have extract the following examples 7.2.4. Diedral case of order 6. We consider the field K = Q(j,
3
√ 2) (where j denotes a cubic root of unity), with Galois group G = D 6 = {1, σ, σ 2 , τ, τ σ, τ σ 2 }, and the unique irreducible p-adic character θ of degree 2 for which (with α := α p (z))
We use here I p generated by γ = 2 x 5 + 2 x 3 + x − 1 (Pr. B-4 of [Gr4] ) We shall examine in which way it is possible to have m p (0) = O(log(p)) (abundant solutions) apart from the case of exceptional solutions, important point to justify the existence of a binomial probability law.
7.2.5. Cas where m p (0) = O(log(p)) apart from the exceptional case. We intend to give numerical examples of prime numbers p for which I p (generated by γ = η ≪ p) has m p (0) = O(log(p)) solutions z ∈ I p to ∆ θ p (z) ≡ 0 (mod p), in the case where these solutions are not of the form µ j = [µ j ] p , 1 ≤ j ≤ h ′ = log(p − 1) − log(2 Γ(K)) log(c 0 (µ)) of the exceptional case when ∆ θ p (µ) ≡ 0 (mod p), µ ≪ p. The numerical experiments show that this is as rare as in the exceptional case and we shall conclude on these various cases in § 7.2.6.
(i) Case G = 1. Although this has been studied in [Gr2] (array of § 4.3.1 giving pairs (p, m p (0)) with m p (0) ≥ 6), by comparison one may see again the case of Fermat quotient for which we always have I p = [1, p[. We obtain the following array in which we have fixed a = 14, to find cases q p (a) ≡ 0 (mod p) (exceptional solutions a j ) and the cases m p (0) = O(log(p)) (abundant solutions z), for primes p such that 3 ≤ p ≤ 10007 (Pr. B-0 of [Gr4] (ii) Case G = C 3 (Pr. B-5 of [Gr4] ). We use the cubic cyclic field of conductor 7 and I p generated by γ = x 2 + x + 2. The example is clear since the exponents j are not the first powers of a µ ∈ I p , µ ≪ p, and since there are no other solutions.
For I p generated by γ = 2 x 2 + x + 3 and p = 1987, we have M p = m p (0) = 5 for u = 1026, 454, 282, 180, 0, 1734, 117, 325, 1225 and an analogous array of residues for u 0 = 0. For γ = 2 x 2 + x + 2, p = 37, 307, 2347 give non exceptional abundant solutions. (iii) Diedral case of degree 6 (Pr. B-6 of [Gr4] ). The character θ of degree 2 allows us to confirm the previous computations. For abundant solutions, the m p (0) ≈ M p maximum, equal to 6, is given by the following example, where I p , for p = 331, is
